INTRODUCTION
The Kubelka-Munk (KM) theory 1,2 is a two-flux approach to the general radiation transfer theory 3 describing the propagation through a medium that absorbs, emits, and scatters light. It assumes that light propagates in just two opposing directions, with the flux variation at any point in the medium being linearly proportional to the two local opposing fluxes. The proportionality constants, K and S, are assumed dependent on the absorption and scattering properties of the medium. Because of its simplicity-and therefore usefulness-the theory has been the most widely applied theoretical model in studying light propagation in turbid media since its introduction in the 1930s. While it enjoyed great success in a range of scientific and industrial applications, [4] [5] [6] [7] its shortcomings prevented the model from being applied to specific systems with media containing absorptive components. 8, 9 One important and ubiquitous example of a system that is less applicable to the KM theory is an ink-dyed sheet of paper. [10] [11] [12] [13] [14] Understanding the origin of the theory's shortcomings has attracted continued interest from researchers world wide. 9, 11, [13] [14] [15] [16] [17] [18] [19] [20] Although the contexts in which the KM theory has been applied vary (e.g., coatings, textiles, papers, biology.), researchers seem to agree that the problem lies essentially with the inherent nonlinear relationship between the KM proportionality constants (the KM coefficients), K and S, and the physical, intrinsic optical properties of the materials, represented by the absorption and scattering probabilities, a and s, respectively. To overcome the difficulties, different approaches have been proposed depending on the field of application. 9, [19] [20] [21] [22] To deal with their respective needs, each study attempted to compensate in a phenomenological way for the theory's shortcomings by expressing K and S as sophisticated functions of the intrinsic coefficients, a and s, of the materials. As a consequence of the diverse contexts and needs, the relations that have been proposed have proven to be slightly different. More important, they have proved not to be transferable to applications in other contexts. In a recent report, 23 one of us analyzed the shortcomings of the Kubelka-Munk theory from a purely theoretical-physics viewpoint, i.e., independent of any specific application, and proposed a revision that would more accurately include in a general way the effects of light scattering in a turbid medium. The revised KM theory was then extended by us to deal with systems involving plane-parallel layers of optically inhomogeneous media. 24 The fundamental idea behind our proposed revision 23 was to take into account the effect of internal scattering of light on the total path traversed by a photon within the medium. The essential point is that the scattering that takes place has an influence on the final probability of a photon being absorbed. This feature was overlooked in the original KM theory. Essentially, this revised description led first to both KM coefficients of absorption and scattering, K and S, becoming dependent on both of the physically meaningful (or intrinsic) coefficients of absorption and scattering, a and s. Second it led to a non-
linear relationship between the two sets of coefficients. These relationships can be summarized by the set of equations
where the quantity = ͑s , a͒ is a factor describing the influence of light scattering on the total path length and is nonlinearly dependent on both the absorption and scattering properties of the medium. We refer to it as the scattering-induced path variation (SIPV) factor. The quantity ␣ depends on the light distribution in the medium, as defined previously. 23, 25 In the original KM theory the coefficients of absorption and scattering, K and S, were assumed linear functions of the corresponding intrinsic physical parameters a, s, i.e.,
and hence correspond to = 1 (no effect of scattering on path length) and ␣ = 2 (diffuse scattering). Mathematically we have defined as the ratio of the true path length between "start-to-end" points L and the corresponding straightline displacement R:
On the basis of a physical model assuming strong light absorption we derived the expression 23 = ͑s / a͒ 1/2 , which clearly brings out the mutual dependence on absorption and scattering. This fairly simple description can explain the experimental finding that S decreases significantly when the absorption a increases, while s stays essentially constant. For a more weakly absorptive medium, however, the influence of absorption is overestimated by this expression. At the same time, the original KM theory remains inadequate. Consequently, there is a need for a more general expression for the SIPV factor capable of accommodating a much wider range of absorption influences, from little to very strong absorption. Note that within the KM approach itself, some absorption is necessary.
In this paper, we once again address the inadequacies of the KM theory in order to present a more general account of the effect of scattering in the presence of absorptive elements. The principal result of this paper is precisely the desired, more general, expression for the SIPV factor, valid in a much wider range of degrees of absorption. A brief account of this work was reported recently in a rapid communication. 26 This paper is organized as follows. In Section 2 we describe in detail the derivation of a more general expression for the SIPV factor based on general physical principles. Section 3 shows results of the application of the new model to the example of ink-dyed sheets of paper (ink-paper mixtures), which are typical of those systems that have hitherto eluded the KM theory. 10, 14 In Section 4 we summarize our conclusions.
STATISTICS OF LIGHT PROPAGATION IN A TURBID MEDIUM LAYER
Consider an arbitrary homogeneous medium such as an ink layer or a paper sheet of thickness w p oriented horizontally with its upper surface at z = 0, illuminated from above with incident light of intensity I 0 . We denote the intrinsic absorption and scattering coefficients of the medium by a and s, which represent the probability per unit path length of light being absorbed or scattered, respectively. According to the principles of statistical physics, the average mean free paths of light, free from absorption or scattering, l a and l s , respectively, are given as
In the classical picture a photon will travel along a straight line in the absence of scatterers until it is absorbed by the medium. Otherwise it propagates in a zigzag fashion as a result of scattering interactions, as suggested in Fig. 1 . Suppose that the average depth of light reflection in the medium, i.e., the average depth at which photons are reflected, is z = −D Ͻ 0. Suppose furthermore that from this point a photon is scattered N times prior to exiting the ͑z =0͒ surface of the medium. The "end-to-end" displacement vector R is then
while the average overall path length is the sum of the individual average path distances between two adjacent scattering events,
where ͗x͘ stands for the mean of x and the last approximation assumes isotropic and uniform scattering properties so that all individual scattering lengths are on average equal. On the other hand, for isotropic and completely random scattering, ͗r m , r n ͘ = 0 for m n, and one obtains Fig. 1 . Schematic diagram of light scattering in a medium layer.
As ͉͗R͉͘ is an average measure of the distance between the turning point (B) (see Fig. 1 ) and the exit point (C), the average distance that light travels in the upward direction, irrespective of orientation, can be computed from 23, 25, 26 
where ␣ ജ 1 depends on the light distribution in the medium. 23, 25 For diffuse light distribution ␣ = 2, thus ͉͗R͉͘ =2D. Employing Eq. (5), one estimates the average number of scattering events encountered to achieve this distance to be
Consequently using Eqs. (2), (4), (6), and (7), the SIPV factor is found to be = ␣sD. ͑8͒ Furthermore, expressing s in terms of S using Eq. (1), one obtains the relation
Equations (8) and (9) are both fundamental expressions from which one can compute the SIPV factor. They both demonstrate, Eq. (8) in particular, the clear dependence of on the average photon penetration depth D and through it a dependence on the intrinsic optical properties of the medium, i.e., the intrinsic absorption and scattering coefficients, a and s. Consequently, to establish the explicit dependence of on a and s, requires determining the explicit connection between D and a and s. The remainder of this section is devoted to this task.
According to the KM theory, the local intensities, I͑z͒ and J͑z͒, of light propagating downward and upward, respectively, through a homogeneous medium obey the following system of differential equations
General solutions of this differential equation system for a homogeneous medium are 27, 28 I͑z͒ = a 1 exp͑Az͒ + a 2 exp͑− Az͒
with geometry and external-condition-dependent coefficients
and medium-related parameters
The two undetermined coefficients, a 1 and a 2 , or equivalently b 1 and b 2 , can be specified by employing boundary conditions. For a medium of finite thickness w p illuminated at z = 0 with intensity I 0 and with negligible surface reflection at the lower extreme and no reflective support below z = −w p , one finds that
Consequently the intensity at an arbitrary depth z Ͻ 0 of upward-reflected light is
Since J͑z͒ represents the number of (reflected) photons per unit area per unit time traveling upward at an arbitrary point z, the average depth D of photons that undergo reflection and exit the upper surface can be computed from the expression
This equation and with Eqs. (8) and (9) are the principal results of this paper. Clearly, it is through the parameter A = ͑K 2 +2KS͒ 1/2 in Eq. (15) that the dependence of the average depth at which light is reflected D on the KM coefficients of absorption and scattering appears. D also depends explicitly on the thickness of the material layer w p . When the medium is very thick, w p ӷ 1, or more precisely when the layer is optically thick, i.e., Aw p ӷ 1, it can readily be deduced that the explicit dependence on w p disappears and that to a good approximation
From Eq. (8) and the relationships given by Eqs. (1) between the KM coefficients, S and K, and the physical parameters, s and a, one can directly establish 's explicit dependence on the intrinsic optical parameters:
. ͑17͒
In the case of strong absorption, a ӷ s, this result is approximately In a similar manner, one can derive an approximate expression for D when the layer is optically thin, Aw p Ӷ 1:
This suggests that there is little opportunity for the medium to have an influence on the light passing through it. Rather, transmission and reflectance are governed by the reflectance properties of the underside of the medium. The term "optically thin" applies not only to a layer of small geometrical thickness ͑w p Ӷ 1͒, it applies to a layer of finite thickness but having little absorption ͑A
A physical example of this can be a sheet of white paper. Consequently, D is approximately equal to the thickness of the paper. Moreover, for a sheet of dyed paper, D remains approximately constant as a function of dye content until a significant amount of dye is present. One deduces from Eq. (8) that the SIPV factor too is approximately independent of dye for very small amounts of dye, and that the KM coefficients, S and K, are from Eq.
(1) once again approximately linear functions of the respective, physically meaningful quantities, s and a. It is worth noting that with such systems experiments have confirmed the validity of the original KM theory.
NUMERICAL STUDY OF THE APPLICATION TO DYED SHEETS
This section is divided into subsections dealing with distinct, though related, issues. In Subsection A we describe determination of the intrinsic optical properties of pure substances. In Subsection B we outline the means of calculating the optical properties for a mixed system (paper and ink). In particular we sketch out the calculation of the SIPV factor for a mixed medium. In Subsection C is a comparison between experimental results and predictions of the original KM theory. This example points up the most significant failing of the KM theory. In Subsection D we apply our revised KM model to this and similar experimental systems. By comparing with Subsection 2.C, the reader will see more clearly the nature of the improvements that are inherent in the revised model.
A. Intrinsic Optical Properties of Pure Paper and Ink Media
In this subsection we illustrate by practical example how the intrinsic absorption and scattering coefficients of the paper, ͑a p , s p ͒, and ink, ͑a i , s i ͒, as well as the SIPV factors are determined from optical experiments on pure paper and ink, respectively. Having obtained these, the quantities will then be used in subsequent subsections to predict the optical performance of dyed sheets.
We note that in paper-related applications, materials are commonly characterized by grammage-weight per square meter ͑kg/ m 2 ͒-rather than by geometric thickness (m). Correspondingly the KM coefficients have dimensions of m 2 / kg instead of m −1 . For this reason, the quantity w p in Fig. 1 refers to the grammage of the paper sheet. The depth D, referring to a portion of the paper sheet, is given in the same units. For consistency, corresponding ink properties will also be quoted in these same units. Figure 2 depicts the KM coefficients K p , S p for a paper medium (grammage w p =40 g/m 2 ) consisting of wood fibers. The coefficients are computed from experimental spectra obtained using a spectrophotometer that covers a spectral range of 400-700 nm in intervals of 10 nm. Two cases are studied: a sheet with a white background (a stack of similar white sheets), mimicking an infinitely thick medium ͑w p = ϱ͒, and a sheet with black background (totally absorptive backing), mimicking a sheet of finite thickness ͑w p =40 g/m 2 ͒. The KM coefficients are computed from these spectra. An analytical solution of the KM equations allows the coefficients to be explicitly calculated from the input data. A detailed description of the experimental and computational procedures was reported previously. 23, 29 The corresponding intrinsic coefficients, a p and s p , as well as the SIPV factors for both the finite and the infinitely thick paper sheet, p and p,ϱ , and the cor- Fig. 3 . As a consequence of the small absorptive ability of the paper material, the average depth of light penetration into the paper sheet is approximately constant, D p Ϸ w p =40 g/m 2 , as could be expected from the discussions concerning Eq. (19) . Nevertheless for a paper sheet of infinite thickness, i.e., when w p → ϱ, D p exhibits some spectral dependence, reflecting the fact that the light that has penetrated into the medium has sufficient opportunity to be affected by whatever little absorption component is present, especially in the blue region. Naturally the SIPV factor p , being linearly proportional to D p [Eq. (8)], demonstrates similar behavior.
In a manner identical to the above, one can determine for a pure ink layer the KM coefficients, K i and S i , and then the associated SIPV factor, i as well as the intrinsic absorption and scattering coefficients, a i , and s i .
B. Determination and Uniqueness of Optical Properties of Mixed Media
Here we first define quantities relevant to mixed media. In general, suppose the amount of dye present in a dyed paper sheet is w i , while the grammage of the pure paper is w p . Suppose further that the individual materials have the intrinsic optical properties, a p , and s p for the paper and a i and s i for the pure ink. Then the intrinsic absorption and scattering coefficients of dyed-paper, a ip 
where A ip is given by
In essence, the SIPV factor for the dyed sheet ip can be obtained by solving Eqs. (21) and (22) iteratively. Consequently the corresponding KM coefficients K ip , S ip can be obtained by employing Eqs. (1) . In the calculations presented here we have assumed for simplicity that w p =40 g/m 2 and ␣ = 2 (diffuse light distribution). Since the SIPV factor for the dyed sheet ip is computed numerically, the uniqueness of the solution will be an issue of concern. An investigation from a purely mathematical perspective is difficult because of the complexities of the simultaneous equations [Eqs. (21) and (22)]. However, it is possible to address the uniqueness question from a numerical standpoint, which, in lieu of a rigorous analytical study, we now provide.
Uniqueness requires that a single solution satisfy the equation ⌬͑ ip ͒ = 0. In fact, by plotting ⌬ against ip for any given set of parameters, it can be seen (Fig. 4) that a unique solution is indeed the case, since the curve intersects the ip axis [corresponding to ⌬͑ ip ͒ = 0] only once. We remark that from its physical definition, ip increases with layer thickness w ip and for a given set of material parameters reaches a maximum value ip,ϱ in the limit w ip → ϱ given by Eq. (17) . Consequently in the numerical verification of uniqueness one need consider only the finite interval ͑1, ip,ϱ ͒. Figure 4 depicts the ⌬͑ ip ͒ function curves for the specific case of cyan-dyed sheets of paper, taking the values w p =40 g/m 2 for paper and w i = ͓0.0, 0.05, 0.2͔ g/m 2 for the ink contents. In the example given only one wavelength in the absorption band of the dye ͑ = 590 nm͒ is assumed. The examples of ink content, while few in number, nevertheless cover a broad range of systems, from those exhibiting little absorption to those showing strong absorption. These correspond to the physical attributes of dyed paper sheets having different amounts of ink. The upper panel displays the ⌬͑ ip ͒ values in the physically relevant range between ip = 1 and ip,ϱ , which decreases with increasing dye. The lower panel is an enlarged view of the curves in the neighborhood of ⌬͑ ip ͒ = 0. Obviously each of the ⌬͑ ip ͒ curves varies monotonically with ip and has a single point of intersection with the ip axis. These features are sufficient to confirm the uniqueness of the solution in the range of physical interest.
C. Inadequacies of the Original KM Theory as Evidenced by an Experimental Comparison
In Subsection D we apply the present model to systems of ink-dyed sheets, media that have proven to be stumbling blocks for the original KM theory. 10, 14 However, in order to emphasize fully the significant advances inherent in the present model, we provide in this subsection a comparison between the predictions of the original KM theory in the case of uniformly dyed sheets containing different amounts of dye and experimental results for this same system. K ip and S ip , computed from experimental spectra for paper sheets ͑p͒ dyed with different amounts of cyan ink ͑i͒.
In the case shown, the grammage of the white paper was w p = 40.51 g / m 2 . With ink dye present, the grammage for the dyed sheets varied from 40.16 to 41.73 g / m 2 . The KM absorption coefficient K ip shows a clear response to increases in dye, even for very small amounts. On the other hand, the scattering coefficient S ip exhibits a less remarkable variation on dyeing, unless the amount of ink is significantly high. More precisely, S ip decreases in the absorption band of dye when the amount of dye is sufficiently large, but is little changed elsewhere. Such behavior in S ip is completely unexpected from KM theory, 14 as the following argument will show. According to KM theory, K =2a and S = s. Thus since the scattering and mass properties of the ink-paper mixture are dominated by the paper material, s p ӷ s i and w p ӷ w i , one deduces from Eq. (20) that S ip = s ip Ϸ s p = S p . That is, S ip is approximately constant, independent of the amount of dye. This is clearly in contrast with the experimental findings demonstrated in Fig. 5 . Figure 6 depicts the intrinsic coefficients of cyan-dyed sheets, a ip and s ip , computed with w p =40 g/m 2 and with varying amounts of dye, w i = 0.0-0.2 g / m 2 . The behavior depicted by the curves in these figures is straightforward to explain. Since w i a i ӷ w p a p and w i s i Ӷ w p s p , the physically meaningful coefficient of absorption a ip is dominated by the dye component. Hence the greater the amount of dye, the greater the effect of absorption in the absorption band of the dye. On the other hand, as we have already argued, the scattering properties of the mix are dominated by the paper component and thus the total scattering coefficient s ip is approximately independent of dye.
D. Application of the Revised KM Theory to an Ink-Paper Mixture
In Fig. 7 (a) we present simulation results using the revised KM theory to model the optical properties of paper sheets dyed with various amounts of cyan ink. Quite generally, the results show that the model convincingly reproduces both the qualitative and quantitative features of the experiments. That is, both the KM coefficients of absorption and scattering now respond to the effect of the absorbing dye. In particular, the modeled behavior of the scattering coefficient S ip exhibits the dye dependence observed in experiment (see Fig. 5 ). As discussed in the preceding section, this has been one of the key problems with the original KM theory. We remark here that an exact quantitative comparison is not possible at this stage since the experimental results were not performed under sufficiently controlled conditions. The exact amount of dye present in the paper medium is not known since some of the quoted dye amount remained in the drain water. Nevertheless, the order of magnitude comparison is an encouraging feature and most definitely represents an improvement over the original KM theory.
Through the equations of the model one can derive some understanding for the behavior shown in Fig. 7 . The following approximations are typical of the present application: paper has little absorptive ability, so a p Ϸ 0; dye has little scattering ability, hence s i Ϸ 0; finally, the amount of paper greatly exceeds the amount of ink, w p ӷ w i . One therefore finds, from Eqs. (1), (8) , and (20) , that
and, furthermore,
From these we deduce that K ip is proportional to the amount of dye w i , and so its value increases as w i increases. In contrast, the dependence of S ip on dye is implicit, appearing essentially through the dependence of ip on w i . In turn, ip is proportional to D ip , which depends on both the absorption and scattering strengths as well as the layer thickness. When the amount of dye increases, the depth of penetration achieved by the photons exiting from the upper surface becomes shallower. This results in a drop in ip and consequently in S ip . Nevertheless, when the amount of dye is small, D ip is essentially determined by the thickness of the layer, D Ϸ w p . Then ip computed from spectrophotometric measurements. 30 The amount of dye, w i increases in the direction of the arrows. The results in the case of white paper are denoted by the dots. Similar simulations for paper sheets dyed with magenta and yellow, assuming various amounts of dyes, have also been carried out. The KM coefficients of these dyed sheets exhibit similar behavior and are reproduced in Fig. 7(b) and 7(c) . For the yellow-dyed sheets, the model again reproduces the experimentally found behavior. 31 [We remark once again that the exact spectral properties (i.e., K i and S i ) of the yellow dye and the amount of dye used in the experiments are unknown, preventing a precise quantitative comparison.] No experimental results were available in the case of paper sheets dyed with magenta. However, as the results in the cases of cyan-and yellow-dyed sheets compare favorably with the experiments, we foresee no reason why a comparison with experiments involving magneta would be different.
SUMMARY
The original theory of Kubelka-Munk has enjoyed considerable success in a range of applications. However, the theory is based on many assumptions and simplifications and could not be expected to apply universally. In a major area of application, paper optics, its limitations have been apparent for some time. In particular, the theory has been incapable of characterizing light propagation in media possessing an absorptive agent. Despite its shortcomings, the theory is appealing from a practical point of view because of its simplicity and therefore deserves efforts to extend its applicability. The present paper reports our current achievements in our continuing endeavours to revise the Kubelka-Munk theory.
A general theoretical approach to the description of light propagating through turbid media is proposed, taking into account the impact of light scattering on the total path traversed by a photon in a partially absorbing medium. A scattering-induced path variation factor applicable to a wide range of absorption characteristics provides a nonlinear link between the KM model coefficients of absorption and scattering and the intrinsic, physically meaningful absorption and scattering probabilities. The generalized model is applied to systems of ink-dyed paper sheets-mixtures of dyes and wood fibers-and where possible compared with existing experimental data. Although an exact comparison has not been possible because of poorly characterized materials and/or unknown exact amounts of dyes involved in the experiments, our simulation results compare very favorably both qualitatively and quantitatively (in terms of correct order of magnitude). This increases the appeal of using the KM approach (in revised form) to model a greater range of systems. An important next step is a precise quantitative comparison with accurate experimental data obtained under controlled conditions. We hope to present such a comparison in the near future. 
